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We investigate the chiral restoration at finite temperature (T ) under the strong external mag-
netic field ~B = B0zˆ of the SU(2) light-flavor QCD matter. We employ the instanton-liquid QCD
vacuum configuration accompanied with the linear Schwinger method for inducing the magnetic
field. The Harrington-Shepard caloron solution is used to modify the instanton parameters, i.e.
the average instanton size (ρ¯) and inter-instanton distance (R¯), as functions of T . In addition,
we include the meson-loop corrections (MLC) as the large-Nc corrections because they are critical
for reproducing the universal chiral restoration pattern. We present the numerical results for the
constituent-quark mass as well as chiral condensate which signal the spontaneous breakdown of
chiral-symmetry (SBχS), as functions of T and B. Besides we find that the changes for the Fpi and
mpi due to the magnetic field is relatively small, in comparison to those caused by the finite T effect.
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I. INTRODUCTION
Studies on the breakdown of symmetries and their restorations have been very useful in the analysis of phenomena
related to phase transitions. Such studies applied to Quantum Chromodynamics are particularly fascinating since
QCD owns a very complicated phase structure. Among them, the restoration of chiral symmetry at finite temperature
(T ) and/or quark chemical density (µ) has been one of the most interesting and stimulating subjects for decades.
Recently it has been reported that very strong magnetic field in the order of the several times of m2pi [GeV
2] can be
produced in the noncentral (peripheral) heavy-ion collision (HIC) experiment by STAR collaboration at RHIC [1, 2].
According to this strong magnetic field and CP -violating domains created inside the QGP, signals for possible P
and CP violations were observed as the charge separation along the direction of the external magnetic field, which is
perpendicular to the collision plane. The charge separation at relatively low T has been already investigated within
the instanton-vacuum framework by one of the authors (S.i.N.) [3, 4], in which related works and references can be
found. Actually even before this sort of studies receiving much interest, QCD under magnetic field had been an
important subject because of magnetar. There have been many approaches to study this issue. Here we will present
our results based on the instanton-vacuum model [5, 6].
II. THE INSTANTON VACUUM MODEL WITH MLC AT FINITE T AND B
We employ the instanton-liquid model at finite T , the four-dimensional integral in the effective action is replaced by
the three-dimensional integral with the summation over the fermionic Matsubara frequency. The Harrington-Shepard
caloron solution [7]is used to modify the instanton parameters, i.e. the average instanton size (ρ¯) and inter-instanton
distance (R¯), as functions of T . The result is shown in Fig.(1). Although this approach does not manifest the quark
confinement, such as the nontrivial holonomy caloron, i.e. the Kraan-van Baal-Lee-Lu caloron [8, 9], as shown in
Refs. [3, 4, 10], it is a useful nonperturbatve method to study QCD matter at finite T . To include the external
magnetic field, we make use of the linear Schwinger method [11]. Besides we also take into account the meson-loop
corrections (MLC) for the SU(2) light-flavor sector as the large-Nc corrections because it is essential to reproduce
the correct current-quark mass dependence of relevant physical quantities [12] and universal-class chiral restoration
pattern at finite T [5]. The detail of our model we refer readers to our papers [5, 6].
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2FIG. 1: Normalized ρ¯/ρ¯0 and N/N0 as a function of T for Nc = 3, where N ≡ N/V
FIG. 2: Constituent-quark mass (Mf ) at T = 0 as a function of n ≡ eB0/m
2
pi for the chiral limit (left column) and physical
quark mass (right column).
III. OUR RESULTS
Our results of the constituent quark masses are shown in Fig.(2) and Fig.(3) for T=0 and T=50 NeV. The chiral
condensates are shown in Fig.(4) for the chiral limit and physical quakr mass cases, respectively. The critical T for
the chiral restoration, Tc tends to be shifted higher pronouncedly in the presence of the B0 in the chiral limit as shown
in Table.(1). The strength of the isospin breaking between the u and d quark condensates is also explored in detail
by defining the ratio R ≡ (〈iu†u〉 − 〈id†d〉)/(〈iu†u〉+ 〈id†d〉) as a function of T and B0. They are shown in Fig.(5).
Finally, we compute the pion weak-decay constant Fpi and pion mass mpi below Tc as functions of T and B0 shown in
Fig.(6).
IV. CONCLUSIONS AND OUTLOOKS
We summarize our results as follows,
• The external magnetic field enhances the SBχS in terms of the magnetic catalysis [13], which is proportional to
(efB0)
2. Hence, the u-quark constituent mass is more sensitive to the magnetic field.
FIG. 3: Constituent-quark mass (Mf ) T = 50MeV as a function of n ≡ eB0/m
2
pi for the chiral limit (left column) and physical
quark mass (right column).
3FIG. 4: Chiral condensate as a function of T . The numerical results for the chiral limit and physical quark mass are shown in
the left and right columns. The results for the d and u quarks are given in the upper and lower rows, respectively.
FIG. 5: (u, d)-quark condensate ratio R as function of T for different n ≡ eB0/m
2
pi values. The numerical results for the chiral
limit and physical quark mass are shown in the left and right panels, respectively.
• On top of the explicit isospin symmetry breaking, there appears a point at which the constituent quark masses
for the u and d quarks coincide each other for the strong magnetic field eB0 ≈ 10
19 G.
• The effects from the magnetic catalysis becomes more pronounced in the higher T region because as T increases
the SBχS effects generated from the instanton is weakened. Thus the magnetic catalysis effects becomes more
important there.
• For the physical quark mass case, the ratio R shows nontrivial structures with respect to T and B0 due to the
complicated competition between the magnetic catalysis and the explicitly isospin breaking effect.
• According to our simple and qualitative analysis using the GOR relation, we observe correct partial chiral-
restoration and magnetic-catalysis behaviors for the pion-weak decay constant Fpi and pion mass mpi. They
decreases and increases about 10% at T ≈ 100 MeV in comparison to those at T = 0, respectively. However,
the changes due to the magnetic field are relatively small, just a few percent.
n = 0 n = 10 n = 20
T uc 170.4 MeV 173.9 MeV 183.1 MeV
T dc 170.4 MeV 171.3 MeV 174.1 MeV
TABLE I: Critical temperature for the u and d flavors, T uc and T
d
c , for the chiral limit in the presence of the external magnetic
field, n = eB0/m
2
pi.
4FIG. 6: Pion weak-decay constant Fpi (A) and pion mass mpi (B) as a function of T , varying the strength of the magnetic field.
Our next step is to include the finite µ to the effective action in the instanton framework. The result will be reported
later.
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